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SOME UNDECIDABILITY RESULTS CONCERNING
RADON MEASURES
BY
R. J. GARDNER AND W. F. PFEFFER

ABSTRACT. We show that in metalindelof spaces certain questions about Radon
measures cannot be decided within the Zermelo-Fraenkel set theory, including the
axiom of choice.

0. Introduction. All spaces in this paper will be Hausdorff. Let X be a space. By §
and © we shall denote, respectively, the families of all open and compact subsets of
X. The Borel o-algebra in X, i.e., the smallest o-algebra in X containing §, will be
denoted by % . The elements of B are called Borel sets. A Borel measure in X is a
measure u on B such that each x € X has a neighborhood U € B with u(U) <
+o00.

A Borel measure p in X is called

(i) Radon if

u(B) = sup{ p(C): C € C, C C B}
foreach B € % ;

(i1) regular if

u(B) = inf{ u(G): G € §, B C G}
foreach B 9.

A Radon space is a space X in which each finite Borel measure is Radon.

The present paper will be divided into two parts, each dealing with one of the
following questions.

(a) Let X be a locally compact, hereditarily metalindelof space with the counta-
ble chain condition. Is X a Radon space?

(B) Let X be a metalindelof space, and let p be a o-finite Radon measure in X.
Is p a regular measure?

We shall show that neither question can be decided within the usual axioms of
set theory. The proofs are based on an alternate application of the continuum
hypothesis, Martin’s axiom and Ostaszewski’s axiom & . In passing, we shall also
answer a question of F. D. Tall (see [T, last paragraph in §6]). Namely, using the
continuum hypothesis and &, we shall construct a locally compact, hereditarily
metalindeléf space X with the countable chain condition which is not weakly
#-refinable.
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1. Preliminaries. If 4 is a set, we shall denote its cardinality by |4|. Whenever
convenient we shall identify a cardinal with its initial ordinal. By w and £ we shall
denote the first infinite and the first uncountable cardinals, respectively.

A family @ of subsets of a set E is called, respectively, point-finite or point-coun-
table if for each x € E the collection {4 € &: x € A} is finite or countable. A
space X is called, respectively, metacompact or metalindelof if each open cover of X
has a point-finite or point-countable open refinement. A space X is said to satisfy
the countable chain condition (abbreviated as CCC) if each disjoint family of open
subsets of X is countable.

The continuum hypothesis (abbreviated as CH) states 2“ = Q. Martin’s axiom
(abbreviated as MA) has several equivalent formulations; we shall use the follow-
ing topological version.

MA: Let X be a compact space with CCC, and let IC be a family of open dense
subsets of X. If |JC| < 2%, then NI +# .

Ostaszewski’s axiom & will not be applied directly. Rather we shall use a space
Y (see 2.2) which Ostaszewski constructed assuming CH + &. For the formulation
of & we refer to [O)].

It was proved in [ST] and [O] that both MA + —~CH and CH + & are
separately consistent with the Zermelo-Fraenkel set theory including the axiom of
choice. We note that Devlin (see [D]) has proved the equivalence of CH + & and
Jensen’s axiom ¢ (see [J]).

A cardinal « is called measurable if there is a discrete space X with |X| = x and a
Borel measure » in X such that »(X) = 1 and »({x}) = O for each x € X. For the
properties of measurable cardinals we refer to [U] or [Di, Chapter 0, §4].

We shall occasionally mention (but never extensively use) §-refinable and weakly
0-refinable spaces. For their definitions and properties we refer to [WW] and [BL].

2. Radon spaces. The property of being a Radon space is a topological property
in the sense that it is invariant under homeomorphisms. Thus one would like to
characterize it topologically without referring to measures. In locally compact
spaces necessary conditions have been found involving completeness properties
such as a-realcompactness (see [G, Theorem 3.5]); also considerable progress has
been made in obtaining sufficient conditions by use of covering properties.

It is fairly easy to see that if a locally compact space X is hereditarily Lindelof,
then it is Radon (see [H, §52]). In [K, Theorem 2], Katétov proved that if a locally
compact space X contains no discrete subset of measurable cardinality, then X is
Radon whenever X is hereditarily paracompact. Paracompact was relaxed to
metacompact by Haydon (see [Hy, Proposition 3.2]) and then to weakly #-refinable
by Gardner (see [G, Corollary to Theorem 6.1]). With these results at hand it is
natural to investigate spaces which are hereditarily metalindelof.

2.1. THEOREM. Assume MA + — CH. Let X be locally compact and hereditarily
metalindelof. If X satisfies CCC, or if X satisfies CCC locally and contains no discrete
subset of measurable cardinality, then X is a Radon space.
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Proor. By [T, Theorems 6.9 or 6.10], each open subset of X is, respectively,
Lindelof or paracompact. The theorem follows from [P, (18.15)] or [K, Theorem 2},
respectively.

We do not know whether the previous theorem remains correct if the locally
CCC condition is omitted. To show that assuming MA + —CH is essential, we
shall need a result of Ostaszewski, and an unpublished result of Kunen, who kindly
provided us with a preprint.

2.2. PROPOSITION [O]. Assume CH +®& . Then there is a countably compact,
noncompact space Y with |Y| =S and such that it is perfectly normal, locally
countable, locally compact, and hereditarily separable.

2.3. PROPOSITION [Ku). Assume CH. Then there is a nonseparable, compact space Z
with |Z| = Q and such that it is hereditarily Lindelof, totally disconnected, and has no
isolated points. Moreover, there is a Radon measure v in Z such that v(Z) = 1 and
v(B) = 0 if and only if B C Z is a nowhere dense Borel set.

Throughout this section we shall assume CH + &, and we shall construct a space
XoCY XZ

As Y is locally countable we can cover it by a collection {U,: a < Q} of
nonempty, countable, open sets. Since Z is hereditarily Lindelof, it is first counta-
ble (see [AU, Chapter II, Theorems 6, 4]). By [T, Theorem 3.27] there is a
point-countable family {V,: a < @} of distinct, nonempty, open subsets of Z. We
set Xo= U {U, X V,: a <} and we shall give it the relative topology from
Y X Z. Clearly, X, is a first countable, locally compact space. If 4 C X,, and
ye€Yletd ={z€Z: (y,2) €E A}

2.4. PROPOSITION. The space X, is hereditarily metalindelof with CCC.

PrOOF. Choose 4 C X, If QU is an open cover of A4, let V" be an open cover of 4
which is a common refinement of U and {U, X V,: a < Q}. Since U, is countable
and Z is hereditarily Lindelof, there is a subcover W c V of 4 such that
W eW: Wc U, XV,} <wfor each a < Q. The point countability of U
follows from that of {V,: a < £}. Now suppose that JC is an uncountable disjoint
family of open subsets of X,,. If D is a countable dense subset of Y, then for some
Y € D the family {H,: H € J(} is uncountable. However, this is impossible as Z
is hereditarily Lindelof.

Our next objective is to define a finite Borel measure in X, which is not Radon.

By [GJ, 1.4 and 5.9), Y is not realcompact. Because Y is perfectly normal, there
is a two-valued Borel measure A in Y such that A(Y) = 1 and A({ y}) = O for each
y € Y. If 4 and B are sets, let AAB = (A4 — B) U (B — A). Denote by 9N the
family of those M C Y X Z for which there are Borel sets M, C Y and M, C Z
such that A(My) =1 and for each y € M,, M, is a Borel subset of Z and
(M, AMz) =0.If M € I, let w(M) = v(My).

In several lemmas we shall prove that 9 is a o-algebra in Y X Z containing
closed sets and that p is a measure on 9.
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2.5. LEMMA. The family O is a o-algebra in Y X Z and p is a measure on 9.

PROOF. Clearly, Y X Z € 9. Let A € I and let B=Y X Z — A. Setting
By=Ay,and B, =Z — A,,weseethat BE M. If4, € M,n=1,2,..., and
A= U A4, let Ay = N2 (A4,)y and 4; = U 2. ,(4,)z. Since A(4y) = 1, it
follows that 4 € 9. Moreover, if A4, are disjoint, then »[(4,)y N (4,,)y] =0
whenever n ¥ m. Consequently,

o0

00
w(A) = v(4y) = 21 "[(An)y] = 21 w(4,).
n= ne=
2.6. LeMMA. Let F be a closed subset of Y X Z. Then T, = {y € Y: »(F)) > ¢} is

a closed subset of Y for each real number .

n=1

Ni=1 Uq=x F, and choose z € H. Then there is a subsequence { y,} of {y,} such
that (y,,z) € Fforn=1,2,.... Since F is closed and (y,, z) - (», z), we have
2z € F,. Thus H C F,andy € T,; for »(F)) > v(H) > . Because Y is first counta-
ble, T, is closed.

PrROOF. Let {y,}>-, be a sequence in I', converging to a y €E Y. Let H =

27.LEMMA. Let F C Y X Z be closed. Then there isanr > 0andaT C Y such
that NT') = 1 and N(F,) = r for each y € T.

ProOF. Let T, be the closed subset of Y defined in Lemma 2.6, and let
r =sup{e: A(I,) = 1}. SinceI', = Y,r > 0. If

o0 00
r= n rr-—l/n - U rr+l/n’
n=1 n=1
then A(l') = 1 and »(F,) = r for each y € T.
2.8. LeMMA. If F is a closed subset of Y X Z, then F € 9.

PROOF. Let r and T be as in Lemma 2.7. Choose ¢ > 0, and foreachy €T find a
compact set C C Z — F, so that W(Z — F)) <»(C) + ¢/2. Foreachz € Z - F,
there are open neighborhoods U(z) and V(z) of y and z, respectively, such that
U(z) X V(z) C X — F. Since the V(z)’s cover Z — F,, finitely many of them, say
V(zy), - - -, V(z,), cover C. Setting G(y) = N ., U(z,), we have F, C Z — C for
eachy’ € G(»).If y’ € G(y) N T, then

»W(Z - C) > v(F, U F,) =2v(F,)) — »(F,N F,)
>2[n(Z - C)—¢/2] - »(F, N F),
and consequently,
v(F,AF,) =»(F, U F,) — »(F, N F,) <e.

Since Y is hereditarily separable, I' has a countable dense subset {y,: n =
1,2,...}. Thesets

r,={y €Ty € G(y,) ory, € G(»)}
are open in I' and I'= U 3, T,. Hence A(T'y) =1 for some integer N > 1.

n=1

Letting A, =T’y and H, = F, , we obtain »(F,AH,) < & for each y € A,. Now let
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Fy = N 221 Ay Then M(Fy) = 1, and we set F, = F, for some y, € Fy. If
y € F,, then

V(I'}AFZ) < V(F:VAHl/n) + V(Hl/nAF:yo) < 2/”

forn=1,2,....Thus »(F,AF,) = 0foreachy € Fyand F € 9.
Denoting by A the completion of the measure A in Y, we obtain the following
corollary.

2.9. COROLLARY. There is a Borel measure p.in Y X Z such that

u(B) = fy »(B,)dN(y)

for each Borel set BC Y X Z.

Denote by p, the restriction of the measure p from Corollary 2.9 to the Borel
subsets of X,

2.10. THEOREM. 0 < py(Xg) < 1 and py(U, X V,) = 0 for each a < Q.

ProoF. Clearly, po(Xo) < p(Y X Z) = 1. Since the U,’s are countable py(U, X
V,) = 0 for each a < Q. The sets

A4, = U {Ugsa<@wV,)>1/n}, n=12...,

form an open cover of Y. Thus there is an integer N > 1 with A(4,) = 1. Letting
B= U {U,x V,: U, c Ay}, we have py(X,) > po(B) > 1/N.

2.11. COROLLARY. The space X is not Radon.
2.12. COROLLARY. The space X, is not weakly 0-refinable.

PROOF. Since |X,| = ©, X, contains no subset of measurable cardinality (see [Di,
Theorem 0.4.17]). The corollary follows from [G, Theorem 4.1 and the paragraph
following the corollary to Theorem 4.3].

2.13. REMARKS. (a) Clearly, the measure p from Corollary 2.9 is an extension of
the product measure A X ». We claim that this extension is proper. Indeed, since
the family {V,: a < Q} is point-countable, the set X§ = {y € Y: (y, z) € X,} is
countable for each z € Z. Thus [, A(X{) dv(z) = 0, and it follows that X, is not
A X » measurable (see [H, §35, Theorem Al]).

(B) It is noteworthy that for the construction of the measure p we used only the
following facts:

(i) A is a finite, two-valued Borel measure in Y;

(ii) » is a finite Radon measure in Z;

(iii) Y is first countable and hereditarily separable.

We do not know whether the two-valuedness of A is essential.

(v) Applying [GG, Lemma 4], we can also construct the measure p if Y is the
space of all countable ordinals and A is the Dieudonné measure in Y (see [H, §52,
Exercise 10]). In this case we do not need &, but the space X, will satisfy CCC
only locally.
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3. Regular measures. Clearly, each finite Radon measure is regular, and it is easy
to construct a nonregular Radon measure which is not o-finite (see [GP, Example
6]). If a Radon measure in X is o-finite, it is regular whenever X is metacompact,
and metacompact cannot be replaced by f-refinable (see [GP, Theorem 1 and
Example 7]). Thus again, we would like to know what happens if X is metalindelof.

We shall begin with a substantially simplified and more transparent proof of
[GP, Theorem 1].

Following [S, p. 43}, we shall call a Borel measure p in X moderated whenever
there are open sets G, C X such that p(G,) < + 0, n=1,2,..., and U %,
= X.

3.1. PROPOSITION. A o-finite Radon measure p in X is regular if and only if it is
moderated.

PrOOF. By the o-finiteness of p there are X, € B such that pu(X,) < + oo,
n=12 ..., and U2, X, = X. If p is regular, there are G, € § such that
X, C G, and u(G,) < +o0, n=1,2,.... It follows that p is moderated. Con-
versely, if p is moderated, we may assume that X, € §,n=1,2,....Let4A € B
and let e > 0. Since p restricted to {B N X,: B € B} is a finite Radon measure in
X, itis regularin X,. Thus forn = 1, 2, ..., there are open subsets G, of X, with

wG,) <4 n X,) + 27" Setting G = U 3., G,, we have

o0 o0
mG-A)<p UG, -4nX)| <D uG —4nX,)<e
n=1

n=1

Because each X, is open in X, so is G, and the regularity of u in X follows.

3.2. LEMMA. Let (M, O, p) be an abstract measure space with a o-finite measure
p, and let @ C O be a point-finite family. Then p(A) = 0 for all but countably many
AE@.

PROOF. Since each o-finite measure is a countable sum of finite measures, it
suffices to prove the lemma for p finite. If u(4) > 0 for uncountably many 4 € @,
then there is an ¢ > 0 and distinct 4, € @ such that u(4,) >eforn=1,2,....
Letting 4 = N 2., U2, 4,, we have p(4) > e. In particular, 4 # & which
contradicts the point-finiteness of &@.

3.3. THEOREM [GP, THEOREM 1]. Let p be a o-finite Radon measure in X. If X is
metacompact, then p is regular.

ProOF. For each x € X choose an open neighborhood U(x) of x with pf U(x)] <
+00. Let U be an open point-finite refinement of { U(x): x € X }. By Lemma 3.2,
there is a countable family W, C U such that u(¥) = 0 for each ¥V € W — U,
Let Wy = {V,, V,, ... }and let Vo = U (W — UW,). Clearly, p(V,) < +o0, n =
1,2,..., and since p is Radon, u(¥,) = 0. Thus p is moderated and the theorem
follows from Proposition 3.1.

If p is a Radon measure in X, we let

suppp =X — | (G € 8: w(G) = 0)



CONCERNING RADON MEASURES 71

and we shall call this set the support of p. Clearly, supp p is a closed set, and
#(G) > 0 for each G € § with G N supp p # . Since p is Radon, we also have
m(X — supp p) = 0.

For studying the regularity of Radon measures in metalindel6f spaces we shall
need a lemma similar to [S, Theorem 13, p. 46].

3.4. LEMMA. Let p be a Radon measure in X. Then there is a disjoint family 9 of
nonempty compact sets such that

WDifDEDandD N G# DBforaG € G, theny(D N G) > 0;

(i) if BE€ B, then w(B) = Z{w(B N D): D € 9}.

PrROOF. By Zorn’s lemma there is a maximal disjoint family %) of nonempty
compact sets satisfying condition (i). Since % is disjoint,
w(B) > X {wBn D):DeED)}
for each B € % . Suppose that B € B and BN UD = J. If u(B) > 0 then there
isa C € € with C c B and p(C) > 0. Let D, be the support of p restricted to
{AN C: 4 € D). Adding D, to 9D, we obtain a contradiction to the maximality
of 9. If C € C, we can cover C by finitely many sets G € § with u(G) < +oo0.
By the construction of ), each G € § with u(G) < +oo intersects only countably
many D’s from . Thus there is a countable family ), c % such that (C —
U%D) N UD = . It follows that
#(C) =p(Cn UD) =2 {w(CnD):DeD}.
If B € %, then
wC)=3{wmCNnD):DeED}YD{W(BND):D €E D}
for each C € @ with C C B. Since p is Radon,
w(B) < X {w(Bn D): D € D).
Any family 9 satisfying the conditions of Lemma 3.4 is called a concassage of p.

3.5. COROLLARY. Let p be a Radon measure in X, and let 9D be a concassage of p.
Then p is o-finite if and only if %) is countable.

3.6. THEOREM. Assume MA + — CH. Let p be a o-finite Radon measure in X. If X
is metalindelof, then p is regular.

Proor. For each x € X choose an open neighborhood U(x) of x with u[ U(x)] <
+00. Let V be an open point-countable refinement of { U(x): x € X }. By Lemma
3.4 and Corollary 3.5, there is a countable concassage 9 of u. Let

Vo= U{rev:vn U9 =g}, Vi={rev:vn U =2}
If V} is uncountable, then there isa D € 9 such that {V € V;: ¥V n D # D} is
also uncountable. Thus {V' N D: ¥V € V,} is an uncountable, point-countable

collection of open subsets of a compact set D. Since D € ), D satisfies CCC.
Using [T, Corollary 3.7], we obtain a contradiction. Hence V, is countable. Clearly,



72 R. J. GARDNER AND W. F. PFEFFER

(V) < +o0 for each ¥V € V,, and by Lemma 3.4, u(¥y) = 0. The theorem
follows from Proposition 3.1.

3.7. THEOREM. Assume CH. Then there is a totally disconnected, first countable,
locally compact space X with |X| = Q and such that it is hereditarily metalindeldf,
hereditarily 0-refinable, and has no isolated points. Moreover, there is a o-finite,
nonregular, Radon measure p in X such that supp p = X and p({x}) = 0 for each
x € X.

PROOF. Let the space Z and the measure » in Z be as in Proposition 2.3. For
nonnegative integers k and n, let g, , = (k27", 27"). Set

Q={q.k=0...,2%n=01,...}

and X = [0, 1] U (Q X Z). We shall write Z, , for {g, ,} X Z, and we shall define
a topology in X by specifying the neighborhood bases. If x = (g ,, z) belongs to
Q X Z, the neighborhood base at x is given by the sets {g; ,} X V where Vis a
neighborhood of z in Z. Some more work is needed to define the neighborhood
base at x € [0, 1]. As we have already shown in the paragraphs following Proposi-
tion 2.3, there is a point-countable family JC of nonempty open subsets of Z with
|9C| = Q. Since Z is totally disconnected, we may assume that JC consists of clopen
(short for “closed and open”) sets. Indeed, choosing a nonempty clopen set
Gy C H for each H € I(, the family {Gy,: H € I(} is point-countable and |{ G:
H € 3(}| = Q; for by the point-countability of JC, the map H > Gy is countable-
to-one. We may also assume that there is an r > 0 such that »(H) > r for each
H € 3. By CH, there is a bijection x > H(x) between [0, 1] and IC. We shall
write H, ,(x) for {q; ,} X H(x). Now the neighborhood base at x € [0, 1] is given
by the sets

Ux,e) = {x} U U {Hn(%): ¢ € Qand [K27" — x| < 27"~ ! <&}

where ¢ > 0. To facilitate a geometric visualization of the set U(x, €), we note that
the projection of U(x, &) — {x} to Q consists of those points g, , which lie inside
the open wedge in [0, 1] X [0, 1] with the vertex at (x, 0), the height equal to ¢/2,
and the slopes of the sides equal to *2.

It is easy to see that with this topology, X is a first countable, locally compact,
totally disconnected, Hausdorff space with no isolated points. Let E c X. We shall
show that E is metalindelof and f-refinable. Since Q X Z is hereditarily Lindelof,
it is also hereditarily paracompact. Thus each open cover of E has an open
refinement

A =Vu {U(x,ex):xE[O, 11N E}

where V is a point-finite family of subsets of Q X Z. Suppose that some x, € X is
contained in uncountably many U(x, ¢, ). Then there are integers k and n,0 < k <
2", such that x, is contained in H, ,(x) for uncountably many x € [0, 1]. However,
this is impossible as {H, ,(x): x €[0, 1]} is a point-countable family in Z,,.
Consequently, 9 is point-countable. Letting
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U, = {U(x,e,/n):x €[0, 1] N E}, G,=U,
V,={(vevV:vngG,=9}u,,

n=12,..., weseeimmediately that U 2., V, is a §-refinement of .

Denote by »,, the Radon measure in Z,, induced by » via the natural

homeomorphism between Z, , and Z. If B is a Borel subset of X, let

0 2"

[L(B) = 2 27" 2 Vk,n(B N Zk,n)‘

n=0 k=0
Because for each integer n > 0, the set U(x, ) intersects at most one Z, ,, we have
pU(x, €)] < 2. It follows that p is a Borel measure in X. Since each , , is a finite
Radon measure in Z, ,, it is easy to see that p is a o-finite Radon measure in X.
Also supp p = X, for Q X Z is dense in X, and supp »,, = Z, ,, k=0, ...,2",
n=20,1,....Clearly, u({x}) = O for each x € X.

Let G be an open subset of X containing [0, 1]. For each x € [0, 1] there is a
U(x, ¢,) Cc U. Consider the natural topology of [0, 1]. By the Baire category
theorem, there is a nonempty open interval J C [0, 1] and an £ > 0 such that the
set {x € J: g > 2¢} is dense in J. Thus H, ,(x) C G whenever g, , € J X [0, ¢].
Choose an integer N > 1 so that

I{k: qn € X[0,€]}| > 2.
Then
I{k: nen € X[0, €]} > 2%,
n=20,1,..., and it follows that

w(G) > i 2-NEM(Q7) = + 0.

n=0

As p([0, 1]) = 0, the measure p is not regular.

REFERENCES

[AU] P. S. Alexandroff and P. S. Urysohn, Memoire sur les espaces topologique compacts, Verh.
Konink. Nedrl. Akad. Wetensch. Afd. Natuurk. Amsterdam 14 (1929), 1-96.

[BL] H. R. Bennet and D. J. Lutzer, A note on weak 0-refinability, General Topology and Appl. 2
(1972), 49-54.

[D] K. J. Devlin, Variations on ¢, J. Symbolic Logic 44 (1979), 51-58.

[Di] M. A. Dickmann, Large infinitary languages, North-Holland, Amsterdam, 1975.

[G] R. J. Gardner, The regularity of Borel measures and Borel measure-compactness, Proc. London
Math. Soc. 30 (1975), 95-113.

[GG] G. Gruenhage and R. J. Gardner, Completeness and weak covering properties, and measure-com-
pactness, J. London Math. Soc. 18 (1978), 316-324.

[GJ] L. Gillman and M. Jerison, Rings of continuous functions, Van Nostrand, Princeton, N. J., 1960.

[GP] G. Gruenhage and W. F. Pfeffer, When inner regularity of Borel measures implies regularity, J.
London Math. Soc. 17 (1978), 165-171.

[H] P. R. Halmos, Measure theory, Van Nostrand, Princeton, N. J., 1950.

[Hy] R. Haydon, On compactness in spaces of measures and measure compact spaces, Proc. London
Math. Soc. 29 (1974), 1-16.

[J] R. B. Jensen, The fine structure of the constructable universe, Ann. Math. Logic 4 (1972), 229-308.

[K] M. Katetov, Measures in fully normal spaces, Fund. Math. 38 (1951), 73-84.

[Ku] K. Kunen (to appear).



74 R. J. GARDNER AND W. F. PFEFFER

[O] A. J. Ostaszewski, On countably compact, perfectly normal spaces, J. London Math. Soc. 14 (1976),
505-516.

[P] W. F. Pfeffer, Integrals and measures, Dekker, New York, 1977.

[S] L. Schwartz, Radon measures on arbitrary topological spaces and cylindrical measures, Oxford Univ.
Press, London, 1973.

[ST] R. M. Solovay and S. Tennenbaum, Iterated Cohen extensions and Souslin’s problem, Ann. of
Math. (2) 94 (1971), 201-245.

[T) F. D. Tall, The countable chain condition versus separability—applications of Martin’s axiom,
General Topology and Appl. 4 (1974), 315-339.

[U]S. Ulam, Zur Masstheorie in der allgemeinen Mengenlehre, Fund. Math. 16 (1930), 140-150.

[WW] J. M. Worrel and H. H. Wicke, Characterizations of developable topological spaces, Canad. J.
Math. 17 (1965), 820-830.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, DAvis, CALIFORNIA 95616 (Current
address of W. F. Pfeffer)

Current address (R. J. Gardner): Department of Mathematics, Auburn University, Auburn, Alabama
36830



