
transactions of the
american mathematical society
Volume 259, Number 1, May 1980

SOME UNDECIDABILITY RESULTS CONCERNING

RADON MEASURES

BY

R. J. GARDNER AND W. F. PFEFFER

Abstract. We show that in metalindelöf spaces certain questions about Radon

measures cannot be decided within the Zermelo-Fraenkel set theory, including the

axiom of choice.

0. Introduction. All spaces in this paper will be Hausdorff. Let A be a space. By §

and Q we shall denote, respectively, the families of all open and compact subsets of

X. The Borel o-algebra in X, i.e., the smallest a-algebra in X containing ê, will be

denoted by <® . The elements of 9> are called Borel sets. A Borel measure in A' is a

measure p on % such that each x G X has a neighborhood U G % with p( U) <

+ 00.

A Borel measure p in X is called

(i) Radon if

p(B) = sup{ p(C): C G G, C c F}

for each F G % ;

(ii) regular if

p(B) = inî{ p(G): G G @,B c G}

for each fieS.

A Radon space is a space X in which each finite Borel measure is Radon.

The present paper will be divided into two parts, each dealing with one of the

following questions.

(a) Let A' be a locally compact, hereditarily metalindelöf space with the counta-

ble chain condition. Is X a Radon space?

(ß) Let A' be a metalindelöf space, and let p be a a-finite Radon measure in X.

Is pa. regular measure?

We shall show that neither question can be decided within the usual axioms of

set theory. The proofs are based on an alternate application of the continuum

hypothesis, Martin's axiom and Ostaszewski's axiom A. In passing, we shall also

answer a question of F. D. Tall (see [T, last paragraph in §6]). Namely, using the

continuum hypothesis and +, we shall construct a locally compact, hereditarily

metalindelöf space X with the countable chain condition which is not weakly

0-refinable.
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1. Preliminaries. If A is a set, we shall denote its cardinality by \A\. Whenever

convenient we shall identify a cardinal with its initial ordinal. By to and ß we shall

denote the first infinite and the first uncountable cardinals, respectively.

A family & of subsets of a set F is called, respectively, point-fini te or point-coun-

table if for each x G E the collection {A G â: x G A] is finite or countable. A

space X is called, respectively, metacompact or metalindelöf if each open cover of X

has a point-finite or point-countable open refinement. A space X is said to satisfy

the countable chain condition (abbreviated as CCC) if each disjoint family of open

subsets of X is countable.

The continuum hypothesis (abbreviated as CH) states 2" = Í2. Martin's axiom

(abbreviated as MA) has several equivalent formulations; we shall use the follow-

ing topological version.

MA: Let A" be a compact space with CCC, and let DC be a family of open dense

subsets of X. If \%\ < 2", then D % ^ 0.

Ostaszewskïs axiom A will not be applied directly. Rather we shall use a space

Y (see 2.2) which Ostaszewski constructed assuming CH + *. For the formulation

of A we refer to [O].

It was proved in [ST] and [O] that both MA + -,CH and CH -I- * are

separately consistent with the Zermelo-Fraenkel set theory including the axiom of

choice. We note that Devlin (see [D]) has proved the equivalence of CH + ♦ and

Jensen's axiom 0 (see [J]).

A cardinal k is called measurable if there is a discrete space X with \X\ = k and a

Borel measure v in X such that v(X) = 1 and v({x}) = 0 for each x G X. For the

properties of measurable cardinals we refer to [U] or [Di, Chapter 0, §4].

We shall occasionally mention (but never extensively use) 9-refinable and weakly

9-refinable spaces. For their definitions and properties we refer to [WW] and [BL].

2. Radon spaces. The property of being a Radon space is a topological property

in the sense that it is invariant under homeomorphisms. Thus one would like to

characterize it topologically without referring to measures. In locally compact

spaces necessary conditions have been found involving completeness properties

such as a-realcompactness (see [G, Theorem 3.5]); also considerable progress has

been made in obtaining sufficient conditions by use of covering properties.

It is fairly easy to see that if a locally compact space X is hereditarily Lindelöf,

then it is Radon (see [H, §52]). In [K, Theorem 2], Katëtov proved that if a locally

compact space X contains no discrete subset of measurable cardinality, then X is

Radon whenever X is hereditarily paracompact. Paracompact was relaxed to

metacompact by Haydon (see [Hy, Proposition 3.2]) and then to weakly 0-refinable

by Gardner (see [G, Corollary to Theorem 6.1]). With these results at hand it is

natural to investigate spaces which are hereditarily metalindelöf.

2.1. Theorem. Assume MA + -i C77. Let X be locally compact and hereditarily

metalindelöf. If X satisfies CCC, or if X satisfies CCC locally and contains no discrete

subset of measurable cardinality, then X is a Radon space.
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Proof. By [T, Theorems 6.9 or 6.10], each open subset of X is, respectively,

Lindelöf or paracompact. The theorem follows from [P, (18.15)] or [K, Theorem 2],

respectively.

We do not know whether the previous theorem remains correct if the locally

CCC condition is omitted. To show that assuming MA + -iCH is essential, we

shall need a result of Ostaszewski, and an unpublished result of Kunen, who kindly

provided us with a preprint.

2.2. Proposition [O]. Assume CH + ♦. Then there is a countably compact,

noncompact space Y with \ Y\ = ß and such that it is perfectly normal, locally

countable, locally compact, and hereditarily separable.

2.3. Proposition [Ku]. Assume CH. Then there is a nonseparable, compact space Z

with \Z\ = ß and such that it is hereditarily Lindelöf, totally disconnected, and has no

isolated points. Moreover, there is a Radon measure v in Z such that v(Z) = 1 and

v(B) = 0 // and only if B c Z is a nowhere dense Borel set.

Throughout this section we shall assume CH + Jft, and we shall construct a space

X0 c Y X Z.

As Y is locally countable we can cover it by a collection {Ua: a < ß} of

nonempty, countable, open sets. Since Z is hereditarily Lindelöf, it is first counta-

ble (see [AU, Chapter II, Theorems 6, 4]). By [T, Theorem 3.27] there is a

point-countable family {Va: a < ß} of distinct, nonempty, open subsets of Z. We

set X0 = U {Ua X Va: a < ß} and we shall give it the relative topology from

Y X Z. Clearly, A"0 is a first countable, locally compact space. If A c X0 and

y G Y, let ^.(2Ê Z: (y, z) G A}.

2.4. Proposition. The space X0 is hereditarily metalindelöf with CCC.

Proof. Choose A c X0. If % is an open cover of A, let °V be an open cover of A

which is a common refinement of % and { Ua X Va: a < ß}. Since Ua is countable

and Z is hereditarily Lindelöf, there is a subcover 1 c V of /I such that

\{W G%: W c Ua X Va}\ < to for each a < ß. The point countability of <¥

follows from that of {Va: a < ß}. Now suppose that % is an uncountable disjoint

family of open subsets of X0. If F is a countable dense subset of Y, then for some

y G D the family {Hy : 77 G %} is uncountable. However, this is impossible as Z

is hereditarily Lindelöf.

Our next objective is to define a finite Borel measure in X0 which is not Radon.

By [GJ, 1.4 and 5.9], Y is not realcompact. Because Y is perfectly normal, there

is a two-valued Borel measure X in y such that X(Y) = 1 and X({y}) = 0 for each

y G Y. If A and F are sets, let A¿\B = (A - B) u (F - A). Denote by 91L the

family of those M c Y X Z for which there are Borel sets MY c Y and Mz c Z

such that X(MY) = 1 and for each y G MY, My is a Borel subset of Z and

v(MyA Mz) = 0. If M G <DH, let p(M) = v(Mz).

In several lemmas we shall prove that 9H is a a-algebra in Y X Z containing

closed sets and that p is a measure on <31t.
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2.5. Lemma. The family 9TL is a a-algebra in Y X Z and p is a measure on <?flL.

Proof. Clearly, Y X Z G 9TL. Let A G 91L and let F = Y X Z - A. Setting

Fy = AY and Fz = Z - Az, we see that F G 911. If /!„ G 911, n = 1, 2, . . ., and

^1 = U,"., /i,, let Ay = n r-i(4,)r and ¿z = IJ n°°-iK)z- Since X(AY) = 1, it
follows that A G 6JfL. Moreover, if An are disjoint, then v[(An)Y n (Am)Y) = 0

whenever n ¥= m. Consequently,

p(A) = v(AY) =  f   ,[K)y] =  |   ^„).
n-l n=l

2.6. Lemma. Let F be a closed subset of Y X Z. FAew l\ = {.y G 7: v(Fy) > e} is

a closed subset of Y for each real number e.

Proof. Let {yn}n°=x be a sequence in Ye converging to a y G Y. Let 77 =

n^°_i U™-k Fya and choose 2 G 77. Then there is a subsequence {)>'„} of {y„} such

that (_)/, z) G F for « = 1,2,.... Since F is closed and (y'n, z) —> (y, z), we have

z G Fy. Thus 77 c Fy andy G Te; for v(F) > v(H) > e. Because Y is first counta-

ble, Te is closed.

2.7. Lemma. Let F c Y X Z be closed. Then there is an r > 0 and a T c Y such

that X(T) = 1 and X(Fy) = r for each y G T.

Proof. Let TE be the closed subset of Y defined in Lemma 2.6, and let

r = sup{e: À(re) = 1}. Since T0 = Y, r > 0. If

00 00

r = H rr_x/n - IJ rr+1/„,
n—1 n—1

then X(T) = 1 and v(Fy) = r for each y G T.

2.8. Lemma. If F is a closed subset of Y X Z, then F G 9H.

Proof. Let /• and T be as in Lemma 2.7. Choose e > 0, and for each.y G T find a

compact set C c Z — Fy so that r>(Z - F^) < p(C) + e/2. For each z G Z — Fy

there are open neighborhoods U(z) and K(z) of .y and z, respectively, such that

U(z) X V(z) c X — F. Since the K(z)'s cover Z — Fy, finitely many of them, say

V(zx), . . ., V(z„), cover C. Setting G(y) = fl £_, i/(zt), we have Fy. c. Z - C for

each/ G G(>>). If/ G G(>) n T, then

HZ - C) > v(Fy u Fy) = 2KF^) - v(Fy n F^,)

>2[KZ-C)-e/2]-K^nFy),

and consequently,

v{FyAFy) = H^V U Fy.) - v(Fy n Fy) < e.

Since  y is hereditarily separable, T has a countable dense subset {.y„: n =

1, 2, . . . }. The sets

r„= {;vGr:7GG0>„)or.y„GG(.y)}

are open in T and T = U "_i T„. Hence X(TN) = 1 for some integer N > Ï.

Letting A£ = TN and 77e = Fys, we obtain ¡>(FyAHe) < e for each>> G At. Now let
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FY= n "_i A1/n. Then X(FY) = 1, and we set Fz = Fy<¡ for some ><0 G FY. If

_y G FY, then

K^AFZ) < v(FyAHx/n) + v(Hx/nAFy) < 2/«

for n = 1, 2,_Thus t>(FyAFz) = 0 for eachj G FY and F G 91t.

Denoting by X the completion of the measure X in Y, we obtain the following

corollary.

2.9. Corollary. There is a Borel measure p in Y X Z such that

p(B) = f v{By)dX(y)
jy

for each Borel set B C Y X Z.

Denote by /*<, the restriction of the measure /x from Corollary 2.9 to the Borel

subsets of X0.

2.10. Theorem. 0 < Po(X0) < 1 and p^U,, X Va) = 0/or e¿icA a < ß.

Proof. Clearly, ju0(A'0) < p(Y X Z) = 1. Since the Ua's are countable /i0(i/a X

Fa) = 0 for each a < ß. The sets

^„=  U {£/a:a<Q,KK.) > l/*}>       "=1,2,...,

form an open cover of Y. Thus there is an integer N > 1 with AL4N) = 1. Letting

F - U {Ua X Ka: t/a c ,4„}, we have ^(A^) > p^B) > l/N.

2.11. Corollary. FAe space X0 is not Radon.

2.12. Corollary. FAe space X0 is not weakly 6-refinable.

Proof. Since |A"0| = ß, A"0 contains no subset of measurable cardinality (see [Di,

Theorem 0.4.17]). The corollary follows from [G, Theorem 4.1 and the paragraph

following the corollary to Theorem 4.3].

2.13. Remarks, (a) Clearly, the measure p from Corollary 2.9 is an extension of

the product measure X X v. We claim that this extension is proper. Indeed, since

the family {Va: a < ß} is point-countable, the set A"q = {y G Y: (y, z) G X0) is

countable for each z G Z. Thus /z X(X£) dv(z) = 0, and it follows that X0 is not

X X v measurable (see [H, §35, Theorem A]).

(ß) It is noteworthy that for the construction of the measure p we used only the

following facts:

(i) À is a finite, two-valued Borel measure in Y;

(ii) v is a finite Radon measure in Z;

(iii) Y is first countable and hereditarily separable.

We do not know whether the two-valuedness of X is essential.

(y) Applying [GG, Lemma 4], we can also construct the measure p if Y is the

space of all countable ordinals and X is the Dieudonné measure in Y (see [H, §52,

Exercise 10]). In this case we do not need +, but the space X0 will satisfy CCC

only locally.
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3. Regular measures. Clearly, each finite Radon measure is regular, and it is easy

to construct a nonregular Radon measure which is not a-finite (see [GP, Example

6]). If a Radon measure in X is a-finite, it is regular whenever X is metacompact,

and metacompact cannot be replaced by f?-refinable (see [GP, Theorem 1 and

Example 7]). Thus again, we would like to know what happens if X is metalindelöf.

We shall begin with a substantially simplified and more transparent proof of

[GP, Theorem 1].

Following [S, p. 43], we shall call a Borel measure p in X moderated whenever

there are open sets Gn c X such that p(Gn) < + oo, n = 1, 2, . . . , and U"_i Gn

= X.

3.1. Proposition. A o-finite Radon measure p in X is regular if and only if it is

moderated.

Proof. By the a-finiteness of p there are Xn G % such that p(Xn) < + oo,

n = 1, 2, ... , and U"_i Xn = X. If p is regular, there are Gn G § such that

Xn c Gn and p(G„) < +oo, n = 1, 2, .... It follows that p is moderated. Con-

versely, if ju, is moderated, we may assume that Xn G §, n = 1,2,.... Let A G $

and let e > 0. Since p restricted to (F n Xn: B G <3à } is a finite Radon measure in

X„, it is regular in Xn. Thus for n = 1,2,..., there are open subsets G„ of X„ with

p(G„) < p(A n X„) + e2-". Setting G = U;.,G„ we have

p(G — A) < p U(Gn-An xn)
n-l

< 2 n(G„-An xn) < e.

Because each Xn is open in X, so is G, and the regularity of p in X follows.

3.2. Lemma. Let (M, 91t, p) be an abstract measure space with a a-finite measure

p, and let â c 91t be a point-finite family. Then p(A) = Ofor all but countably many

A G &.

Proof. Since each a-finite measure is a countable sum of finite measures, it

suffices to prove the lemma for p finite. If p(A) > 0 for uncountably many A G &,

then there is an e > 0 and distinct An G & such that p(A„) > e for n = 1, 2, ... .

Letting A = fl "_i U™=kAn, we have p(A) > e. In particular, A ¥= 0 which

contradicts the point-finiteness of &.

3.3. Theorem [GP, Theorem 1]. Let p be a a-finite Radon measure in X. If X is

metacompact, then p is regular.

Proof. For each x G X choose an open neighborhood U(x) of x with p[ U(x)] <

+ 00. Let ^ be an open point-finite refinement of { U(x): x G A"}. By Lemma 3.2,

there is a countable family <¥0 c <¥ such that p(V) = 0 for each V G% - <¥„.

Let % = {Vx, V2, . . . ) and let V0 = U (<¥ - ^o)- Clearly, p(Vn) < +oo, n =

1, 2, . . . , and since p is Radon, p(V0) = 0. Thus p is moderated and the theorem

follows from Proposition 3.1.

If p is a Radon measure in X, we let

supp p = X -  U {G G@: p(G) = 0}
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and we shall call this set the support of p. Clearly, supp p is a closed set, and

p(G) > 0 for each G G § with G n supp p ¥= 0. Since p is Radon, we also have

p(X - supp p) = 0.

For studying the regularity of Radon measures in metalindelöf spaces we shall

need a lemma similar to [S, Theorem 13, p. 46].

3.4. Lemma. Let p be a Radon measure in X. Then there is a disjoint family fy of

nonempty compact sets such that

(i) // D G fy and D n G ¥= 0for a G G g, then p(D n G) > 0;

(ii) if B G<&, then p(B) = ^{p(B n D): D G fy}.

Proof. By Zorn's lemma there is a maximal disjoint family fy of nonempty

compact sets satisfying condition (i). Since fy is disjoint,

p(B) >*2{p(Bn D):D Gfy)

for each F G % . Suppose that F G % and B n U0!) = 0 If /i(F) > 0 then there

is a C G 6 with C c F and p(C) > 0. Let D0 be the support of ju restricted to

[A C\ C: A G %}. Adding D0 to 6Ù, we obtain a contradiction to the maximality

of fy. If C G 6, we can cover C by finitely many sets G G § with /i(^) < +00-

By the construction of fy, each G G § with ii((/) < +oo intersects only countably

many D's from fy. Thus there is a countable family ^ c ^ such that (C —

U ^o) n U ^ = 0. It follows that

m(c) = h(c n u^-S{c(cn d):/> g^D}.

If F G ÍB, then

m(C) = 2{>(C nfl):2)6íD}<5¡{(i(ín £>):F G ¿D}

for each Ceß with C c F. Since /x is Radon,

p(B) <^{p(Bn D):D GúD}.

Any family ty satisfying the conditions of Lemma 3.4 is called a concassage of p.

3.5. Corollary. Let p be a Radon measure in X, and let ^ be a concassage of p.

Then p is a-finite if and only if ty is countable.

3.6. Theorem. Assume MA + -i C77. Let p be a a-finite Radon measure in X.IfX

is metalindelöf, then p is regular.

Proof. For each x G X choose an open neighborhood U(x) of x with p[ U(x)] <

+ 00. Let °V be an open point-countable refinement of {U(x): x e I}. By Lemma

3.4 and Corollary 3.5, there is a countable concassage fy of p. Let

V0= \J{V G^-.V n \Jfy =0}, cíl = (F6tlí:KnU^ít4

If % is uncountable, then there is a D G fy such that {V G % : V n 7J> =£ 0} is

also uncountable. Thus {V n 7): V G T,} is an uncountable, point-countable

collection of open subsets of a compact set D. Since D G fy, D satisfies CCC.

Using [T, Corollary 3.7], we obtain a contradiction. Hence % is countable. Clearly,
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p(V) < +00 for each V G %, and by Lemma 3.4, ii(Fo) = 0. The theorem

follows from Proposition 3.1.

3.7. Theorem. Assume CH. Then there is a totally disconnected, first countable,

locally compact space X with \X\ = ß and such that it is hereditarily metalindelöf,

hereditarily O-refinable, and has no isolated points. Moreover, there is a a-finite,

nonregular, Radon measure p in X such that supp p = A" and p({x}) = 0 for each

x G X.

Proof. Let the space Z and the measure v in Z be as in Proposition 2.3. For

nonnegative integers k and n, let qkn = (k2~n, 2~"). Set

0= {&„:* = 0,...,2";ii = 0, 1, . . . }

and X = [0, 1] u (Q X Z). We shall write Zkn for {qk„} X Z, and we shall define

a topology in A by specifying the neighborhood bases. If x = (qk „, z) belongs to

g X Z, the neighborhood base at x is given by the sets {qkn} X V where K is a

neighborhood of z in Z. Some more work is needed to define the neighborhood

base at x G [0, 1]. As we have already shown in the paragraphs following Proposi-

tion 2.3, there is a point-countable family % of nonempty open subsets of Z with

\%\ = ß. Since Z is totally disconnected, we may assume that % consists of clopen

(short for "closed and open") sets. Indeed, choosing a nonempty clopen set

GH c H for each H G %, the family {GH: H G %} is point-countable and \{GH:

H G %}\ = ß; for by the point-countability of %, the map 77h» Gh is countable-

to-one. We may also assume that there is an r > 0 such that v(H) > r for each

77 G %. By CH, there is a bijection *h» H(x) between [0, 1] and %. We shall

write Hkn(x) for (qk „} X 77(x). Now the neighborhood base at x G [0, 1] is given

by the sets

U(x, e) = {x} u  U {#M(*): aKn G Ô and \k2~n - x\< 2~n~x < e)

where e > 0. To facilitate a geometric visualization of the set U(x, e), we note that

the projection of U(x, e) — {x} to Q consists of those points qkn which lie inside

the open wedge in [0, 1] X [0, 1] with the vertex at (x, 0), the height equal to e/2,

and the slopes of the sides equal to ± 2.

It is easy to see that with this topology, A" is a first countable, locally compact,

totally disconnected, Hausdorff space with no isolated points. Let F c X. We shall

show that F is metalindelöf and 0-refinable. Since Q X Z is hereditarily Lindelöf,

it is also hereditarily paracompact. Thus each open cover of F has an open

refinement

% = Tu {U(x,ex):xG[0, 1] n F}

where T is a point-finite family of subsets of Q X Z. Suppose that some x0 G X is

contained in uncountably many U(x, ex). Then there are integers k and n, 0 < k <

2", such that x0 is contained in Hkn(x) for uncountably many x G [0, 1]. However,

this is impossible as [Hkn(x): x G [0, 1]} is a point-countable family in Zkn.

Consequently, % is point-countable. Letting
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%n = {U(x,ex/n):xG[0, 1] n F},        Gn =  U %,

% = { V G «V: V n G„ = 0} u %„,

« = 1,2,..., we see immediately that U "= i % is a ^-refinement of %.

Denote by vkn the Radon measure in Zkn induced by v via the natural

homeomorphism between Zkn and Z. If F is a Borel subset of X, let

p(B) =  I   2-" 2   ^,„(F n ZM).
„ = 0 A = 0

Because for each integer n > 0, the set [/(*, e) intersects at most one Zkn, we have

p[ U(x, e)] < 2. It follows that p is a Borel measure in A". Since each vkn is a finite

Radon measure in Zkn, it is easy to see that p is a a-finite Radon measure in X.

Also supp p = A", for Q X Z is dense in A", and supp i»A>n = Zk „, k = 0, . . . , 2",

n = 0, 1, ... . Clearly, p({x}) = 0 for each x G X.

Let G be an open subset of X containing [0, 1]. For each x G [0, 1] there is a

U(x, ex) c U. Consider the natural topology of [0, 1]. By the Baire category

theorem, there is a nonempty open interval 7 c [0, 1] and an e > 0 such that the

set {x G J: ex > 2e} is dense in J. Thus Hkn(x) c G whenever qkn G y X [0, e].

Choose an integer N > 1 so that

\{k:qkyNGj X[0,e]}|>2.

Then

\{k:qk,N+nGJ x[0,e]}|>2",

n — 0, 1, . . ., and it follows that

p(G) >  2   2-("+">(2V) = +00.
n = 0

As /t([0, 1]) = 0, the measure p is not regular.
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